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Abstract
By removing a 12C atom from the tetrahedral configuration of the dia-
mond, replace it by a 13C atom, and repeating this in a linear direction, it is
possible to have a linear chain of nuclear spins one half and to build a solid
state quantum computer. One qubit rotation and controlled-not (CNOT)
quantum gates are obtained immediately from this configuration, and CNOT
quantum gate is used to determined the design parameters of this quantum
computer.
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1 Introduction
So far, the idea of having a working quantum computer with enough number of
qubits (at least 1000) has faced two main problems: the decoherence [1]-[8] due the
interaction of the environment with the quantum system, and technological lim-
itations (pick up signal from NMR quantum computer [9] and [10], laser control
capability in ion trap quantum computer [11] and [12], physical build up for more
than two qubits like in photons cavities [13], atoms traps [14] and [15], Josephson’s
joint ions [16], Aronov-Bhom devices [17], diamond NV device [18], or high field
and high field gradients in linear chain of paramagnetic atoms with spin one half
[19]). In particular, the linear chain of paramagnetic atoms of spin one half became
a good mathematical model to make studies of quantum gates [20], quantum algo-
rithms [21], and decoherence [22] which could be applied to other to other quantum
computers. In this paper, one put together the ideas of using the diamond stable
structure and the linear chain of spin one half nucleus. To do this, on the tetrahe-
dral 12C (with nuclear spin zero) configuration of the diamond main structure, one
removes one 12C element of this configuration an replace it by a 13C (with nuclear
spin one half) atom, and one repeats this replacement along a linear direction of the
crystal. By doing this replacement, one obtains a linear chain of atoms of nuclear
spin one half which is protected from the environment by the crystal structure and
the electrons cloud. Therefore, one could have a quantum computer highly tolerant
to environment interaction and maybe not so difficult to build it, from the techno-
logical point of view.
2 12C-13C diamond and spin-spin interaction
The above idea is represented in Figure 1, where the 13C atoms are place on the
position of some 12C atoms. This replacement could be done using the same technics
used to construct the diamond NV structure [25], or using ion implantation technics
[23] and neutralization of 13C in the diamond [24]. It is assumed in this paper
that this configuration can be built somehow. Now, as one can see, the important
interaction on this configuration is the spin-spin interaction between the nucleus of
the 13C atoms. This interaction is well known [26] and is given by
U =
µo
4pi
(m1 · x)(m2 · x)−m1 ·m2
|x|3
, (1)
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Figure 1: Diamond 12C-13C.
where the magnetic moment mi,i=1,2 of
13C ′s is related with the nuclear spin as
mi = γSi, (2)
being γ the proton gyromagnetic ratio (γ ≈ 2.675× 108rad/T · s). Without loosing
the main idea, it will be assumed here that 13C magnetic moment is due to proton.
The variable x indicates the separation vector between two 13C nucleus, which has
magnitude a = |x| ∼ 10−10m. Aligning the chain of 13C nucleus along the x-axis
of the reference system and assuming Ising interaction between 13C nucleus, this
energy can be written as
U =
J
~
Sz1S
z
2 , (3)
where the coupling constant J has been defined as
J =
µoγ
2
~
4pia3
. (4)
3
3 Hamiltonian of the system
Consider a magnetic field of the form
B(x, t) = (b cos(ωt+ ϕ),−b sin(ωt+ ϕ), B0(x)), (5)
where b, ϕ, and ω are the magnitude, the phase, and the frequency of the trans-
verse rf-field. The z-component of the magnetic field has a gradient on the x-axis,
determined by the difference on Larmore’s frequencies of the 13C ′s nuclear magnetic
moments, (
∆B0
∆x
)
=
∆ω
γ∆x
. (6)
The magnetic field at the location of the ith-13C atom is Bi(t) = B(xi, t), and the
interaction energy of the magnetic moments of the 13C atoms with the magnetic
field is
U = −
N∑
i=1
mi ·Bi(t), (7)
where N is the number of 13C atoms aligned along the x-axis. This energy can be
written as
U = −
N∑
j=1
ωjS
z
j −
Ω
2
N−1∑
k=1
(
eiθS−k + e
−iθS+k
)
, (8)
where ωj is the Larmore’s frequency of the ith-
13C,
ωj = γB0(xj), (9)
Ω is the Rabi’s frequency,
Ω = γb, (10)
S−j and S
+
j are the ascent and descent spin operators, S
±
j = S
x
j ∓ iS
y
j , and θ has
been defined as
θ = ωt+ ϕ. (11)
Let us consider first and second neighbor interactions among 13C nuclear spins, and
assuming equidistant separation between any pair of spins, the Hamiltonian of the
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system is
H = −
N∑
j=1
ωjS
z
j +
J
~
N−1∑
k=1
SzjS
z
j+1 +
J ′
~
N−2∑
l=1
Szl S
z
l+2
−
Ω
2
N∑
j=1
(
eiθS−j + e
−iθS+j
)
, (12)
where J is the coupling constant of first neighbor 13C atoms, and J ′ is the coupling
constant of second neighbor 13C atoms which must be about one order of magnitude
lower than J . One can write this Hamiltonian as H = H0+W (t), where H0 and W
are defined as
H0 = −
N∑
j=1
ωjS
z
j +
J
~
N−1∑
k=1
SzjS
z
j+1 +
J ′
~
N−2∑
l=1
Szl S
z
l+2, (13)
and
W (t) = −
Ω
2
N∑
j=1
(
eiθS−j + e
−iθS+j
)
. (14)
The operator H0 is diagonal on the basis {|ξ〉 = |ξN . . . ξ1〉}ξk=0,1 of the Hilbert space
of 2N dimensionality. Its eigenvalues defines the spectrum of the system,
Eξ =
~
2
{
−
N∑
j=1
(−1)ξjωj +
J
2
N−1∑
k=1
(−1)ξk+ξk+1 +
J ′
2
N−2∑
l=1
(−1)ξl+ξl+2
}
. (15)
Since J ′ < J ≪ ωj for j=1,...,N , this spectrum is not degenerated with E|00...0〉 as
the energy of ground state, and E|11...1〉 as the energy of the most exited state. To
calculate the spectrum, one has used the following action of Szj operator
Szj |ξ〉 =
~
2
(−1)ξj |ξ〉. (16)
The Schro¨dinger’s equation,
i~
∂|Ψ〉
∂t
= H|Ψ〉, (17)
is solved by proposing a solution of the form
|Ψ〉 =
∑
ξ
Cξ(t)|ξ〉, (18)
which brings about the following system of first order differential equations on the
interaction representation
i~a˙δ =
∑
ξ
aξe
i(Eδ−Eξ)t/~Wδ,ξ(t), (19)
where aδ and Wδ,ξ are defined as
aδ(t) = Cδ(t)e
−iEδt/~ (20)
and
Wδ,ξ(t) = 〈δ|W (t)|ξ〉. (21)
This is very well known procedure to solve time dependent Schro¨dinger’s equation,
and the solution of Eq. (19) brings about he unitary evolution of the system (given
the initial condition |Ψo〉).
Defining the evolution parameter τ through the change of variable t = ωoτ (ωo =
2piMHz), the parameters ωj, Ω, J and J
′ are real numbers given in units of ωo.
This evolution parameter will be used below in the analysis of the CNOT quantum
gate.
4 Analysis of the system
In order to get an operating quantum computer, one needs to show that, at least,
one qubit rotation gate (N = 1) and two qubits CNOT gate (N = 2) or three
qubits controlled-controlled-not (CCNOT) gate (N = 3) can be constructed from
this quantum system. Because this quantum system is homeomorphic [30] to the
linear chain of paramagnetic atoms with spin one half system [27], it is clear from
the point of view of mathematical models that the above gates can be constructed
with this 12C-13C diamond system. However, one needs to assign realistic workable
parameters for the real design of a 12C-13C diamond quantum computer. To do this,
one studies in this section the behavior of a quantum CNOT gate as a function of
several parameters. One neglect one qubit rotation (N = 1, J = J ′ = 0) because
it is obvious that one can get it through an arbitrary pulse on the rf-field with the
frequency given by the Larmore’s frequency of the qubit (ω = ω1), for a single
13C
atom in the diamond structure. In particular, the NOT quantum gate is obtained
using a pi-pulse duration (τ = pi/Ω) with this frequency. Therefore, the study of the
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CNOT quantum gate is of the most interest (N = 2, J 6= 0, J ′ = 0). Two qubits
dynamics is obtained from Eqs. (13), (14), and (19), resulting the equations
ia˙1 = −
Ω
2
(
e−i(ωt+ϕ+(E2−E1)t/~)a2 + e
−i(ωt+ϕ+(E3−E1)t/~)a3
)
(22)
ia˙2 = −
Ω
2
(
e+i(ωt+ϕ+(E2−E1)t/~)a1 + e
−i(ωt+ϕ+(E4−E2)t/~)a4
)
(23)
ia˙3 = −
Ω
2
(
e+i(ωt+ϕ+(E3−E1)t/~)a1 + e
−i(ωt+ϕ+(E4−E3)t/~)a4
)
(24)
ia˙4 = −
Ω
2
(
e+i(ωt+ϕ+(E2−E1)t/~)a2 + e
+i(ωt+ϕ+(E4−E3)t/~)a3
)
(25)
where the complex variables ai for i=1,2,3,4 correspond to the amplitude of probability
to find the system on the states |00〉, |01〉, |10〉 and |11〉. The energies Ei for i=1,2,3,4
are deduced from Eq. (15). Note that a1(0) = C00(0) and |a1(t)|
2 = |C00(t)|
2 (the
same for the other variables). CNOT quantum gate corresponds to the transition
|10〉 ↔ |11〉, and this one is gotten by selecting the rf-frequency as
ω = ω1 − J/2. (26)
Larmore’s frequencies are denoted by ω1 and ω2, and ω2 is parametrized as
ω2 = ω1(1 + f), (27)
where f measures the relative change of the frequencies of both qubits. The sepa-
ration of the 13C nucleus, a, is parametrized as
a = ξ · 10−10m. (28)
Figure 2 shows the CNOT quantum gate behavior with the initial conditions C00(0) =
C01(0) = C11(0) = 0 and C10(0) = 1 during a pi-pulse (τ = pi/Ω) and with the pa-
rameters
B01 = 0.5 T, ω1 = 21.287, J = 0.12, ξ = 1, f = 0.05. (29)
Figure 3 shows the fidelity parameter,
F = |〈Ψideal|Ψreal〉|
2, (30)
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at the end of the pi-pulse, as a function of the Rabi’s frequency, where |Ψreal〉 is the
state obtained with the simulation, and |Ψideal〉 is the expected state (|11〉). The
simulation was done for two different weak magnetic fields and for f = 0.01 (1),
f = 0.05 (2), f = 0.1 (3), and f = 0.2 (4). The oscillations seen on this picture are
due to the low and high contribution of the non resonant states (|00〉 and |01〉) to the
dynamics of the system, which depends on Rabi’s frequency and they are explained
by the 2pik-method [19]. As one can see from this picture , the CNOT gate is very
well produced either with B01 = 0.1 T and f = 0.2 or with B01 = 0.5 T and f = 0.05.
Figure 4 shows the gradient of magnetic field along the x-axis, the coupling con-
stant J , and the fidelity F of the CNOT quantum gate as a function of the two
qubits separation (characterized by the parameter ξ, Eq. (28)), having f = 0.05.
As one can see, the fidelity is not sensitive for relatively wide variation of ξ, mean-
while the gradient and coupling constant have the strong variation deduce from Eq.
(6) and Eq. (4). Considering the separation of the two 13C atoms about the the
length of the diamond unit cell, one can select ξ = 3, corresponding to a coupling
constant of J = 0.00445, and a magnetic field gradient of ∆B0/a ≈ 0.83× 10
6T/m.
One needs to mention that in the case the alignment of the 13C atoms be along the
z-axis (the same direction of the longitudinal magnetic field), the coupling constant
deduced from Eq. (1) would be given by −2J , with J given by Eq. (4), and basically
the results are the same as the presented here.
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According to these results, one has now an idea of the value of the parameters for
the design of a quantum computer with the 12C-13C diamond quantum system: (a)
Separation between 13C atoms is a = 3 × 10−10m which can be aligned along the
x-axis, (b) coupling constant is J = 0.00445(2pi MHz), (c) longitudinal magnetic
field is B01 = 0.05 T , (d) gradient of this longitudinal magnetic field along the x-axis
is ∆B0/a = 0.83× 10
6T/m, and (e) magnitude of the rf-magnetic field on the plane
x-y is b = 0.00608 T (Rabi’s frequency Ω = 0.259(2pi Mhz)).
Although the gradient of the magnetic field might be a concern, the magnitude
of the longitudinal magnetic field is low enough to think that this gradient can be
achieved. The scalability of the system is clear, the read out system could be based
on single spin measurement technics [28], and studies on decoherence remains to be
done on this system. This quantum computer resembles a solid state NMR system
[29].
5 Conclusion and discussion
It was shown that by removing a 12C atom, replace it by a 13C atom in the tetra-
hedral configuration of the diamond, and doing this process periodically in a linear
direction, one could get a linear chain of nuclear spins one half which can be work as
a quantum computer. The interaction between 13C atoms is governed by the mag-
netic dipole-dipole interaction, and the parameters of a possible quantum computer
design were determined by studying the quantum CNOT gate with two qubits. Al-
though there might be a concern about the gradient of the magnetic field along the
lines of 13C atoms, it must not be so difficult to get this gradient since the magnitude
of this magnetic field is relatively low (0.5 T). In principle, it is possible to replace
a 12C atom by any other spin one half atom. However, an unclose configuration
of electrons in the lattice makes necessarily to take into account the interaction of
electrons with this atom ( as it is the case of diamond NV configuration) which
makes the analysis and the quantum computer much more complicated and sensi-
tive to environment interaction. The misplacement of the 13C atom along the x-axis
produces different coupling constant in the interaction, but according to Figure 4,
the fidelity of the CNOT quantum gate does not change, and one would expect
the same result for quantum algorithms. The displacement of 13C atoms off x-axis
changes the coupling constant and the interaction itself, which has to be studied. In
addition, it still remains to study the decoherence on quantum gates and quantum
algorithms of system.
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